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Abstract The pseudo-state stabilization problem of
commensurate fractional-order nonlinear systems is
investigated. The concerned fractional-order nonlinear
system is of parametric strict-feedback form with both
unknown parameters and the additive disturbance. To
solve this problem, a new nonlinear adaptive control
law is constructed via fractional-order backstepping
scheme. The developed fractional-order controller does
not require the knowledge about both the interval of
uncertain parameters and the upper bound of the addi-
tive disturbance. The asymptotic pseudo-state stability
of the closed-loop system is proved in terms of frac-
tional Lyapunov stability. Several examples are per-
formed finally, and the efficiency is verified.
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1 Introduction

With the development of physics, fractional-order sys-
tems have been widely studied in dynamical systems
and control. This is mainly due to the fact that many
physical processes are well characterized by fractional-
order differential equations [1-3]. For more details on
the applications of fractional calculus, one can refer
to the monographs [1-4] and the references therein.
To distinguish with the state, the Lyapunov stability
and the Lyapunov function in classical integer-order
systems, in fractional-order systems they are called
the pseudo-state, the fractional Lyapunov stability and
the fractional Lyapunov function, respectively. You can
refer to references [5—8] for distinguishing these con-
cepts.

The pseudo-state stabilization problem of fractional-
order systems has attracted the attention of many
researchers recently. Most of the known results con-
centrated on the fractional-order linear systems. The
early stability criterion is the Matignon theorem [9].
Then, the linear matrix inequality (LMI) representa-
tions were introduced in [1], and the sufficient and nec-
essary conditions were investigated by [10—12] further.
With respect to LMI conditions, the pseudo-state feed-
back stabilization of deterministic fractional-order lin-
ear systems was addressed in [5, 13]. On the other hand,
uncertainties are common phenomena in fractional-
order systems. Therefore, many robust pseudo-state
stabilization results were put forward recently, such
as in [14] and the references therein. Besides, 7%
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control problems of fractional-order systems were pro-
posed by [15-17], and fractional-order reference adap-
tive control was investigated in [18-20] and the refer-
ences therein. However, real fractional-order systems
are always nonlinear with uncertainties.

It is well known that Lyapunov direct method is
the fundamental tool to stabilize nonlinear systems.
An early fractional Lyapunov-like theory was inves-
tigated by [21] for fractional-order systems. In [22,
23], Mittag—Leffler stability and generalized Mittag-
Leffler stability were introduced to describe frac-
tional Lyapunov stability of fractional-order systems.
Generalized Mittag-Leffler stability of multivariables
fractional-order systems was investigated by [24] fur-
ther. Trigeassou et al. [6] demonstrated that classical
Lyapunov functions are valid for fractional-order sys-
tems. It should be emphasized that the fractional Lya-
punov functions are introduced to describe the pseudo-
state stability of fractional-order systems. However,
finding appropriate fractional Lyapunov functions for
fractional-order systems remains a tedious task. Some
existing possible fractional Lyapunov functions for
fractional-order systems can be found in [6,25,26].

As we know, a few results on the pseudo-state sta-
bilization of fractional-order nonlinear systems have
been reported in terms of fractional Lyapunov sta-
bility. In [27], the linear pseudo-state feedback was
introduced to stabilize fractional-order nonlinear sys-
tems. Robust pseudo-state stabilization of fractional-
order nonlinear complex networks was investigated
by [28] via Lyapunov indirect approach. For some
simple examples of fractional-order nonlinear sys-
tems pseudo-state stabilization, one can refer to [6,21—
26]. Recently, fractional-order sliding mode control is
well defined for pseudo-state stabilizing some specific
fractional-order nonlinear systems, which one can refer
to [29] and the references therein.

Inspired by the above results, we aim to investigate
the pseudo-state stabilization problem of commensu-
rate fractional-order nonlinear systems. As we know,
backstepping is a well-known efficient methodology of
stabilizing nonlinear systems, which has been widely
applied in practical applications [30]. However, to our
best knowledge, backstepping is restricted to the clas-
sical integer-order nonlinear systems. Besides the first
example proposed in [2] and our previous theoretical
results [31,32], there are few results on it. There are
many works to be done with backstepping control laws
design for fractional-order nonlinear systems. As the
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resulting control laws are with fractional-order forms,
we call such methodology the fractional-order back-
stepping.

In our contributions, the pseudo-state stabiliza-
tion problem of commensurate fractional-order non-
linear systems with both the parameter uncertainty
and the additive disturbance is solved. By use of
fractional-order backstepping scheme, the analytic
form of pseudo-state feedback control laws of stabi-
lizing uncertain fractional-order nonlinear systems is
designed. The global convergence of the closed-loop
system is guaranteed in terms of fractional Lyapunov
stability. In our design, the uncertain system parame-
ters are only assumed to be unknown constants. The
additive disturbance is only required to be bounded
by unknown upper bound, which is estimated by the
designed adaptive law. Besides the estimate of the
upper bound of the disturbance, the number of the sys-
tem parameter estimates is equal to that of the unknown
system parameters. The parameters in the designed
control law are not related to the additive disturbance
and unknown system parameters, which can be chosen
freely for improving the performance of the closed-
loop system. Before the main result, a general frame-
work of adaptive fractional Lyapunov based design is
well defined via control fractional Lyapunov function
(CFLF) for fractional-order systems. Finally, several
examples demonstrate the efficiency of the proposed
control scheme.

The rest of the paper is organized as follows. In
Sect. 2, some preliminaries are introduced. Our main
results are presented in Sect. 3, and the analytic form
of the control law is presented. The efficiency of the
proposed pseudo-state control law is verified in sev-
eral examples in Sect. 4. Finally, some conclusions are
summarized in Sect. 5.

We use the following notations. The real number and
n dimension real space are R and R", respectively. The
transpose of a matrix A is denoted by AT. || - ||| - |
denote the norm and the abstract, respectively. [-] is
the ceiling function. A matrix A > 0 means that A is
a positive definite matrix. The symbol DV shorted for
Dy, where t is the time, represents the fractional-order
derivative operator with Caputo type.

2 Preliminaries

In this paper, the Caputo fractional-order derivative is
used.
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Definition 1 [4] Let f(¢) is a real continuously differ-
entiable function. The Caputo fractional-order deriv-
ative with order 0 < v < 1 on ¢ > 0 is defined by

W)

T,
I'(n—v) Jy (¢t —1)v—ntl

where n = [v], v > 0.

D} f(t) =

ey

Definition 2 [22] The constant xg is an equilibrium of
fractional-order systems D'x = f(x,t),x € R", if
and only if f(xg,t) = D"x. Without loss of general-
ity, let the equilibrium be xo = 0.

Definition 3 [22] A continuous function y : [0, 1) —
[0, 00) is said to be the K -class function if it is strictly
increasing and y (0) = 0.

The stability analysis of fractional-order systems
was investigated in [6,21-26]. Fractional Lyapunov
stability is shown by the following fractional-order
extension of Lyapunov direct method.

Theorem 1 [23] Let x(¢) = 0 be the equilibrium point
of the fractional-order system D"’x = f(x,t),x €
D C R", where D contains the origin. Let fractional
Lyapunov function V (t,x(t)) : [0,00] x R — R
be a continuously differentiable function and locally
Lipschitz with respect to x. If there exist three K -class
functions y;,i = 1, 2, 3 such that

@ yidlxl) = Vi, x(0) < y2(lixID, 2
(i) DYV, x()) < —y3(llx]). 3)

where t > 0, x € D. Then, the x(t) = 0 is asymptoti-
cally stable. Moreover, if the conditions hold globally
on D = R”", the x(t) = 0 is globally asymptotically
stable.

It should be noted that, Theorem 1 tells us the
pseudo-state stable conditions of fractional-order sys-
tems. To be specific, the norm symbol || - || represents
Euclidean norm or one K -class function. It is obvious
that they are equivalent for (2) and (3) always.

Lemma 1 [22] Let x(t) € R be a real continuously
differentiable function and D' x(t) < D" y(t), x(0) =
v(0), where 0 < v < 1 is the fractional order. Then,
x(t) < y(@).

To construct fractional Lyapunov function for
fractional-order systems, the power law for fractional-
order derivative is introduced before.

Lemma 2 [32] Let x(t) € R be a real continuously
differentiable function. Then, for any p = 2",n €
N, DVxP(t) < pxP~D(t)DVx(t), where 0 < v < 1 is
the fractional order.

Proof A simple case of p = 2 was shown by [26] with
respect to Lemma 1. For the complete proof, one can
see [31].

Corollary 1 Let x(t) € R be a real continuously dif-
ferentiable function. Then, for p = 2, %D"xz(r) <
x()D"x(t), where O < v < 1 is the fractional order.

Corollary 2 Let x(t) = [x1(t), ..., x,()]T € R" be
a real continuous and differentiable vector function.
Then, D' [x(1)T Px(1)] < 2x(t)T PD"x (1), where 0 <
v < 1 is the fractional order and P = diaglp1, ...,
pn] > 0.

It will be demonstrated in Sect. 3 that %x(Z)T Px(t)
(or P = I)is always a reasonable fractional Lyapunov
function for fractional-order systems.

The concept of adaptive control fractional Lyapunov
function (ACFLF) is introduced to test whether an
uncertain fractional-order system is pseudo-state feed-
back stabilized by applying the adaptive control law.

Definition 4 A smooth function V (7, x(¢), 6) : [0, 00)
x D x R™ is called a ACFLF for DVx(t) = f(x, u,6),
f(0,0,-) = 0 with the adaptive control law u =
o(x, é) if there exist three K-class functions y;,i =
1, 2, 3 such that

@ ndlgl) <V, x@),0) < v, )
(i) D'V (t, x(1),0) < —y3(lgl). S

where t > 0,x € D and ¢ = [xT,QT]T, 6 € R"is
the unknown parameter, the parameter estimate error
isf =0 —0 and D' = T(x, é) is the adaptive law
of the parameter estimate. Moreover, if D = R”, the
ACFLF holds globally.

As the adaptive parameters appear in V, the frac-
tional Lyapunov function is called adaptive control
fractional Lyapunov function (ACFLF). The aim of
pseudo-state stabilizing uncertain fractional-order non-
linear system is to design an adaptive pseudo-state feed-
back controllaw u = a(x, é), DY) = T(x, é) such that
the closed-loop system is (globally) asymptotically sta-
ble. Actually, finding «, T and V satisfying (4) and (5)
is a difficult task in most cases [21-23,25,26].
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Remark 1 The above conditions are sufficient condi-
tions of pseudo-state stabilizability of a class of uncer-
tain fractional-order nonlinear systems. It is possible
that there exist other better candidate fractional Lya-
punov functions, which may contradict with Theo-
rem 1. However, they are always valid for some specific
fractional-order nonlinear systems.

Before Sect. 3, we review the adaptive fractional-
order backstepping in an example. For the details, one
can refer to [21,32]. By the way, the pseudo-state stabi-
lization problem of fractional-order nonlinear systems
with additive disturbance is introduced.

Example 1 Consider a fractional-order nonlinear pla-
nar system

[D”x:x§+x9 ©)
DYE =u+d@)’
where x, £ € R are the states and u# € R is the control
input. € is the unknown constant parameter. d(¢) is the
unknown bounded disturbance, but we do not know its
bound.

Two cases (i),(ii) are considered here.

Case (i). When d(r) = 0, let z; = x and & viewed
as the virtual control, the error zo = & — a/(x, é), we
have

D'z1 =2z [Zz +a(x, é)] +z16. (7N

Let the parameter estimate error § = 6 — 6, the first
fractional Lyapunov function Vi (z1,0) = %z% + ﬁ@z.

If choose a(x, é) =—-C| — é, we have
~ 1 N
D"Vi < —Cizi + 2320 + 6 [z% + ;D”9:| . (8)

We postpone the choice of update law for 6 until the
last step. To design the adaptive control «, consider the
ACFLF V,(x, £,0) = V; + 123, we have

~ 1 N
D"V, < —Cizi +6 |:z% - ;D”Q]
+22 [u + 73 - D”ot] . 9

One control input and the adaptive law can be chosen
by
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u=—Crz—72 + D'a, (10)
D6 = pz3. (1D

Case (ii). When the disturbance is bounded by a
known upper bound ||d(?)||cc < o. The first fractional
Lyapunov design is the same with case (i). Consider-
ing the same ACFLF, one control and the adaptive law
can be chosen by

u=—Crzp — 73 + D’ — sign(z2)o, (12)
D" = pz2. (13)

where sign is the sign function.

In two cases (i), (ii), we have D"V, < —Ciz} —
sz%. Unless z = 0, we have D"V, < 0. There exists
a K -class function y such that D'V, < —y(||z]]),z =
[z",0]". According to Theorem 1, the closed-loop sys-
tems are globally asymptotically stable.

Remark 2 Different from the backstepping design [30],
the adaptive fractional-order backstepping scheme
introduced in Example 1 assumes that the unknown
parameters ant their estimates all are unknown con-
stants. In this way, the chain rule for fractional deriva-
tive is avoided and the tuning function design become
more simple as (11) and (13). The efficiency of this
assumption can be proved by the convergence of the
resulting closed-loop control systems by use the The-
orem 1.

Remark 3 In Example 1, the adaptive fractional-order
backstepping can deal with parameter uncertainties by
including the parameter estimation scheme. The num-
ber of the parameter estimates is equal to that of the
unknown parameters. However, the disturbance can
be encountered in many physical systems including
fractional-order systems. If the upper bound of the dis-
turbance can be determined, the switching control law
(12) can be obtained. However, the knowledge of the
disturbance may be very limited in reality, where the
upper bound is not necessary to be known.

3 Main result

We consider the parametric strict-feedback form of
fractional-order nonlinear system with additive distur-
bance, where the unknown constant parameters appear
linearly.
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[ Dx1 = x2 + ¢/ (x1)0
DVxy = x3+ @, (x1,x2)0
, (14)

DVxp—1 =x, + Qo;r_](xlv ey Xp—1)0
D"x, = B(x)u + ¢ (x)0 + d(r)

where 8(x) # Oforallx € R", 6 € R™ is the unknown
constant, ¢; € R™,i = 1,...,m are known smooth
nonlinear functions, d(¢) is the bounded additive dis-
turbance, and u € R is the control input.

The following three assumptions are given firstly.

(1) All pseudo-states of fractional-order system are
observable.

(i1) All signals and their first n fractional-order deriv-
atives with fractional order v are known and
bounded.

(iii)) The matched disturbance d(z) is bounded by
|ld(*)]lco < o, where o is unknown.

Remark 4 When d(t) = 0, the system is the stan-
dard parametric strict-feedback form of fractional-
order nonlinear system. Assumption 2 is necessary for
the boundness of parameter estimates. The disturbance
is only assumed to be bounded in Assumption 3, which
corresponds most practical cases.

Theorem 2 Let the parametric strict-feedback form of
fractional-order nonlinear system (14). If the ACFLF
is taken by

MU B PN PP G
Va(Zl,...,Zn,Q,G)Z§;Zi+§9 rlo+ o s,
(15)

where 71 = X1,2i = Xi — &i—1(21s ..., 2i—1,0),i =

2,...,n, 0 =60-—0is the parameter estimate error and
6 = 0 —& isthe disturbance bound estimate error, that
is, there exists an adaptive pseudo-state feedback con-
trol u which renders the system globally asymptotically
stable. The adaptive pseudo-state feedback control law
can be chosen by

1 ~
u = _m |:ann + Zn—1 +(p;;r(x)0

)
A Zn0
—D"ay— (Z s~-~,Z—,9)+A—j|7
n—1 1 n—1 |Zn|O'+CnZ,%
(16)

n
D“é:FZQDi(xl,.--,xi)Zi, a7
i=1
i1 =—Cio1zic1 — Zi—2 — @1 (X1, .., xi-1)O
+ D",
i=3,...,n. (19)

where a(z1, é) =—Ciz1 —(pir(xl)é, Ci,....,C, >0
are constants. The adaptive parameteré is updated by
(17), the adaptive disturbance bound & is updated by
(18), I' = diag(p1, ..., pm] > 0,y > 0 are the gains
of the adaptive law (17) and (18), respectively.

Proof By use of recursion, we have the following steps.
Step 1. Let z; = x; and x viewed as the virtual
control, the error zo = xp — a(z1, 8), we have

D'zi =2+ ai1(z1,0) + ¢/ (x10). (20)

Note 6 = 6 — 6, let the first fractional Lyapunov func-
tion Vi(z1,0) = %z% + %GTF_IQ, we have

D'V <z [Zz + a1(z1,0) + @I(xl)é]
+47 (<p1 (x1)z1 — F—IDVé) . @1

If choose a1 (z1, é) =—-Ciz1 — q)]T(xl)é, 70 and @ are
to be governde to zeros. Thus, we have

D"Vi < —Ciz}+z2122+6" ((p] (x1)z1 — F_lD"é).
(22)

Step 2. Let the error z3 = x3 — a2(z1, 22, é), we
have

D'z =z3402(z1, 22, é)—i—(p;(xl ,x2)0—D"a1(z1, 0).
(23)

Let the second fractional Lyapunov function V;(z1, 22,
0) =V + %z%, we have

D"Vy < —Ci2% + 2122
2
+67 (Zqoi(xl, L X)Z = F‘ID”é)
i=1

+ 22 [Zs + ax(z1, 22, 0) + <P2T(x1,x2)é

— DYaq(z1, é)] . (24)
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If choose > (21, 22, é) =—-Crz0—171 —<.02T(x1, Xz)é
+ DYy (z1, é), z3 and 6 are to be governed to zeros.
Thus, we have

2
D'V, < — Z Ciz? + 2223

i=1

2
+ 67 (Z(pi(xl, e Xi)Zi — FlDUé).
i=1
(25)

Step 3. Let the error z4 = x4 — 3(z1, 22, 23, 0), we
have

DVz3 = z4 + a3(z1, 22, 23, 0) + 3 (x1, x2, x3)0
— D'ax(z1. 22, 0). (26)

The third fractional Lyapunov fucntion is chosen by
Va(z1, 22, 23,0) = V2 + 423, we have

2
D'V3 < — ZC[Z,'Z + 2223
i=1

3
+ 5T(Z<ﬂi(X1,..

L Xi)Zi — F_leé)
i=1
+ z3 [24 +a3(z1, 22, 23, 0)
+ @3 (x1, %2, x3)0 — D’ a(z1, 22, é)] .27)
If choose a3 (z1, 22, Z3é) = —C3Z3—Zz—<p;(x1, X2,

x3)0 + DYy (21, 22, 6), z4 and 6 are to be governed to
zeros. Thus, we have

3
D'V3 < — ZC,'Z? + 2324
i=1

3
+07 (Zwi(xl, s X)Z = F‘lD”é).

i=1

(28)
Stepn—1.Lettheerrorz, =x,—au—1(21, ..., Zn—1,
0), we have
D'zt =20+ i1(21, -+, 201, 0)
o (X1 X
— D aya(z1, .., 201, 0). (29)
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Let the n — 1th fractional Lyapunov function V,,_
21y s 2n-1,0) = Vyoo + 322, we have

n—2
D"V < — Z Ciz? 4 202201

i=
n—1

+6" (pri()ﬂ, e Xi)T— F_ID”G)
i=1

+ Zn—1 [Zn 0y 121201, 0)

o (1, Xm0
— D'ay-2(z1, .-+, 202, é)] ) (30)
If choose ay—1(Z1, .-+, 2n—1,0) = —Cp_12Zn—1 —

T A
Zn—2 - (pn_l(xlv ey xn—l)9 + Dvan—Z(le ) ZH—Zs
0), z,, and 6 are to be governed to zeros. Thus, we have

n—1
D'V, < — ZCiz,-z + Zn—12n

i=1
n—1
+6" (pri(m, e Xi)T— F‘lD"e)_
i=1
(31)
Step n. The last equation can be transformed into

D'z, = B(X)u + ¢, ()0 +d(1)

— D0y 1(21, .-+ 201, 0). (32)

Regard the unknown upper bound of the distur-
bance as the unknown parameter, let the ACFLF
Va(@is ooy 200) = Vot + 522 + %5, we have

n—1
D'V, < = Ciz} + zp-12n

i=1

n

L X)Z— Flo”é)
i=1
+ 20 [ Beu + ] ()6
— D'ap-1(z1,.. ., Zn—l)é] + |znlo

1. .
— —6D"%. (33)
y

One control and the adaptive law can be chosen by
(16), (17) and (18). Thus, we have
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2 2
D, < —zc,z bl
< —Zciz,?. (34)
i=1

Denote
O =121, 2ns 01, ey O, 61T
T =max{l, p;,y,i =1,...,m};
e =min{l, p;, y,i =1,...,m}.

Thus, we have
1 2 1 2
— " = Va(@) = 171" (35)
2t 2¢e

On the other hand, we consider two cases (i) and (ii):

(1) When [z1,...,2,—1] # 0, we know D"V, <
0. There exists a K-class function y; such that
D"Vy < =191

(ii) When [z1,...,z,-1] = 0, we know D"V, < 0.If
D'V, < 0, similar to case (i), there exists a K -class
function y, such that D"V, < —y»(||?]). But, for
the case D'V, = 0, we know D"V, = D'"C =
Va = C, where C = V,(t = 0) is a non-negative
constant. So, we know that ||| = C’, where C’isa
constant only related to I, y. Besides, C = Qif and
onlyifz =0, 6 = 0, 5 = 0. Therefore, there exists
a K -class function y3 such that D"V, < —y3(||9 ).

With respect to Theorem 1, for the cases (i) and (ii),
the pseudo-states in the closed-loop system are asymp-
totically stable. Besides, the ACFLF (15) holds glob-
ally.

So far, this proof is completed. O

Remark 5 Tt is shown that the parameters of the
designed control law are not related to the addi-
tive disturbance and unknown system parameters. The
unknown upper bound of the additive disturbance is
estimated by the designed adaptive law. Besides the
estimate of the upper bound of the disturbance, the
number of the system parameter estimates is equal to
that of the unknown system parameters.

Corollary 3 Ifthe ACFLF is taken by (15) and choose
the adaptive control law (16), (17) and (18), the pseudo-
state trajectories of the fractional-order nonlinear sys-

tem (14) will approach to x¢ = [x{,x5,.. .,xZ]T
asympiotically, where x{ = 0, x4 = —¢| (00, x¢ | =
—@ (0,x¢,...,x¢ D0, i=2,...,n— L

Proof By use of (34) and (35), we have
D V,(®) < —2ceV, (). (36)

The reason for (36) is that, the existing y;, i = 1,2, 3
can guarantee there exists a positive constant ¢ such that
Va(9) < —c||9||? using the discussion of (i) and (ii) in
the proof of Theorem 2.

Therefore, there exists a nonnegative function N (¢)
satisfying D" V,(9) + N(t) = —2ceV,(¥). Take the
Laplace transform, we have

Va(0)sV~1 — N(s)

V. = , 37
A(5) T (37)

where V,(s)
stant.

If ¥(0) = 0, namely V,(0) = 0, the solution is
9% = 0;if 9(0) > 0,V,(0) > 0. Because V,(?) is
locally Lipschitz with respect to 9, it follows from the
existence and uniqueness solution [19], we have

Va(t) = Va(0)E, (—2cet”) — N(t)

x [tV E, , (=2cet™)], (38)
where E,, E, , are Mittag-Leffler type functions [19]
and * is convolution operator.

Thus, we have V,(r) <
respect to (35), we have

= Z[V,] and V,(0) is a nonnegative con-

Va(0)E,(—2cet’). With

191 < V2T Va(0) Ey(—2ce1), (39)

where tV,(0) > 0 for ¢ (0) # 0.
Therefore, lim 7] = ]im xX; = lim Zp = - =

hm zn = 0. By use of recursmn the proof 1S com-

pleted O

Remark 6 In Corollary 3, it is obvious that the pseudo-
state trajectories x;,i = 1,...,nand z;,i =1,...,n
are bounded. Besides, the «;,i = 1,...,n — 1 are
bounded. As the rights of (17) and (18) are Lipschitz
with respect to z;, the parameter estimates 0 ,0 are
bounded according to Theorem 3 in [19]. The con-
trol law (16) is bounded. It can be seen that u —
ﬁ(xe)(pn T(x°)0 as t — oo by use of (16).

4 Numerical examples

In this section, two examples of fractional-order non-
linear systems are presented to illustrate the effective-
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ness of the proposed theoretical results. These exam-
ples you can find in [4] also. The Griinwald—Letnikov
fractional-order difference [4] is used to simulate the
fractional-order derivative.

k
Dy f6)~h" > 6 f(ti), (40)

i=0

where the time step is set to 2 = 0.0005. tx = kh is
the discrete point and (—1)“5;’, i =1,2,...arebino-
mial coefficients. The fractional Adams method [33]
is used to simulate the fractional-order nonlinear sys-
tems. In the simulations, we abandon the short memory
principle for improving numerical accuracy.

Example 2 Consider the fractional-order Genesio—Tesi
system with control u and disturbance d.

D’x =y

D'y =z

D’z = —fix — foy — B3z + Pax’ +u+d(t)
(41)

where the fractional orderis v = 0.7 and By, B2, 83, P4
are viewed as unknown constants, which may be caused
by modeling uncertainties. The additive disturbance is
d(t) = xcosmt + 0.1sin(3¢) and ||d||c0 < 0.

Step 1. Let z; = x, view y as the virtual control and
73 = y —ay, we have DVz; = zo + «a1(z1). Let the
first fractional Lyapunov function V| = %z%

If choose a1(z1) = —Kiz1, K1 > 0, we have
D"Vi < —K123 + z120.

Step 2. Let z3 = 7z — ap, we have D'z = z3 +
ar + DVay. Let the second fractional Lyapunov func-
tion Vo = V| + %Z%

If choose oz (z1, 22) = —Kpzp—z1+ D"y, Ko > 0,
we have D'Vs < —K 23 — K223 + 2223.

Step 3. With the last equation, let the ACFLF

4
1 -
Va=Vo+ Z3 + Z 2— 2 2. (42)

0=0—0.

where f; = B — fi, i =1,2,3,4,
The adaptive control law can be chosen by
u=—Kszz— 2+ pix + hay + Psz

~2
— 34x2 4+ DYy — 39 (43)

|z3]0 + K3z§’

@ Springer
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Fig. 1 The state trajectories in Example 2

DBy = —pyzs,

DBy = —pixz3,
D'p DY Bs = pax’z3,

3 = — 03223, D"6 = ylzl.

(44)
Hence, we have D"V, < —Kz7 — K225.

In the simulation, K1 = 6, K, =7, K3 = 6, p1 =
02 = p3 = p4 = y = 1. Theinitial stateis (1, 1, 1) and
the initial parameter estimates are zeros. The unknown
parameters are set to 1 = B = 1.1, B3 =045, s =
1. The pseudo-state trajectories of the controlled system
are shown in Fig. 1. By applying the adaptive control,
it is seen that the system converges in a finite time.
The control input is shown in Fig. 2. The parameter
estimates are shown in Fig. 3. The upper bound estimate
is shown in Fig. 4.

Example 3 Consider the fractional-order gyroscope
with control # and disturbance d.

DVx1 =xp
DVxy = — p(t)x1 — c1x2 — c2x3 + q()x} +u,
+ d(1)
(45)

where p(t1) = % — fsin(wn),q(t) = % — £ —
Lsn@n) (g2 — 100,,3 = l,w = 25, f = 35.5, the
fractional order is v = 0.7 and ¢y, ¢ are viewed as
unknown constants, which may be caused by model-
ing uncertainties. The additive disturbance is d(¢) =
0.5cosmt + 0.1sin(3¢) and ||d||c0 < 0.
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Fig. 2 The control input in Example 2
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Fig. 3 The parameter estimates in Example 2

Step 1. Let z; = xj, view x3 as the virtual control
and zp = x» —aq, we have DVz1 = zp +a1 (21, C1, C2).
Denote ¢ = ¢; — €1,y = ¢ — ¢o. Let the first

i i = 124 1=
fractional Lyapunov function Vi = 5z7 + 5 o+
L 2
2’02 CZ' A A

If choose (21, ¢1, ¢2) = —K1x1, K1 > 0, wehave

% _ 2 _ ] ~ va ] ~ VA
D"Vi < —Kiz1+z122 — — ¢c1D"¢ci — — 2D oo
01 1)

Step 2. With DYz = —p(t)x; — cjxp — czxg’ +
q(t)xf +u +d(t) — Doy, note 6 = o — o let the

candidate ACFLF V, = Vi + 325 + 557,

O 1 1 1 1
0 1 2 3 4 5

Time (seconds)

Fig. 4 The upper bound estimate in Example 2

1.2 T T T T

1

0.8

0.6}
0.4k
0.2

0

Time (seconds)

Fig. 5 The state trajectories in Example 3

The adaptive control law can be chosen by

u=—Kyzp —z1 + p(t)x1 + ¢1x2
226
12216 + K223’

(46)

+ 52x§ - q(t)x13 — Kixp —

D"¢) = —pixaza, DVé = —pax3za,
D'G = y|z]. 47)

Hence, we have D'V, < —K]z%.

In the simulation, K1 = 6, K> = 7,p1 = 3,00 =
4,y = 2. The initial state is (1, 1) and the initial
parameter estimates are zeros. The unknown parame-
ters are set to ¢y = 0.5,¢2 = 0.05. The pseudo-
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Fig. 6 The control input in Example 3
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Fig. 7 The parameter estimates in Example 3

state trajectories of the controlled system are shown
in Fig. 5. By applying the adaptive control, it is seen
that the system converges in a finite time. The control
input is shown in Fig. 6. The parameter estimates are
shown in Fig. 7. The upper bound estimate is shown in
Fig. 8.

In Examples 2 and 3, it is shown that the proposed
fractional-order controller can stabilize the pseudo-
states of a class of fractional-order nonlinear systems
effectively. In the presence of additive disturbance, the
system pseudo-states, parameter estimates, and control
inputs are all bounded.

@ Springer
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Fig. 8 The upper bound estimate in Example 3

5 Conclusions

In this paper, we present an adaptive fractional-order
backstepping control design for a class of fractional-
order nonlinear systems with additive disturbance.
The proposed control laws do not require the specific
knowledge on the disturbance and the system para-
meters. The asymptotic pseudo-state stability of the
closed-loop system is guaranteed in terms of fractional
Lyapunov stability. Simulation results are provided to
illustrate the effectiveness of the control scheme.

The future work can be directed to investigate the
adaptive fractional-order backstepping control design
for general uncertain fractional-order nonlinear sys-
tems. Besides, the relationship between the Lyapunov
stability and the fractional Lyapunov stability should
be bridged further.

Acknowledgments This work was supported by the National
Natural Science Foundation of China under Grant 61171034,
the Fundamental Research Funds for the Central Universities
and the Province Natural Science Fund of Zhejiang under Grant
R1110443.

References

1. Sabatier, J., Agrawal, O.P., Machado, J.A.T.: Advances in
Fractional Calculus. Springer, New York (2007)

2. Baleanu, D., Machado, J.A.T., Luo, A.C.-J.: Fractional
Dynamics and Control. Springer, New York (2012)

3. Baleanu, D., Guvenc, Z.B., Machado, J.A.T.: New Trends
in Nanotechnology and Fractional Calculus Applications.
Springer, New York (2010)



Asymptotic pseudo-state stabilization of commensurate

677

4.

5.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

Petras, I.: Fractional-Order Nonlinear Systems. Higher Edu-
cation Press, Beijing (2011)

Farges, C., Moze, M., Sabatier, J.: Pseudo-state feedback sta-
bilization of commensurate fractional order systems. Auto-
matica 46, 1730-1734 (2010)

. Trigeassou, J.C., Maamri, N., Sabatier, J., Oustaloup, A.: A

Lyapunov approach to the stability of fractional differential
equations. Signal Process. 91, 437-445 (2011)

. Trigeassou, J.C., Maamri, N., Oustaloup, A.: Lyapunov sta-

bility of linear fractional systems. Part 1: definition of frac-
tional energy. In: ASME IDETC-CIE Conference (2013)

. Trigeassou, J.C., Maamri, N., Oustaloup, A.: Lyapunov sta-

bility of linear fractional systems. Part 2: derivation of a sta-
bility condition. In: ASME IDETC-CIE Conference (2013)

. Matignon, D.: Stability results on fractional differential

equations with applications to control processing. In: Pro-
ceedings of IMACS-IEEE CESA, pp. 963-968 (1996)
Sabatier, J., Moze, M., Farges, C.: LMI stability conditions
for fractional order systems. Comput. Math. Appl. 59, 1594—
1609 (2010)

Lu, J.G., Chen, G.R.: Robust stability and stabilization of
fractional-order interval systems: an LMI approach. IEEE
Trans. Autom. Control 54, 1294—1299 (2009)

Lu, J.G., Chen, Y.Q.: Robust stability and stabilization of
fractional-order interval systems with the fractional order «:
the 0 <« < 1 case. IEEE Trans. Autom. Control 55, 152—
158 (2010)

Zhang, X., Liu, L., Feng, G., Wang, Y.: Asymptotical stabi-
lization of fractional-order linear systems in triangular form.
Automatica 49, 3315-3321 (2013)

Lan, Y.-H., Zhou, Y.: LMI-based robust control of fractional-
order uncertain linear systems. Comput. Math. Appl. 62,
14601471 (2011)

Shen, J., Lam, J.: State feedback .75, control of commensu-
rate fractional-order systems. Int. J. Syst. Sci. 45, 363-372
(2014)

Farges, C., Fadiga, L., Sabatier, J.: ./, analysis and control
of commensurate fractional order systems. Mechatronics 23,
772-780 (2013)

Padula, F., Alcantara, S., Vilanova, R., Visioli, A.: 7%, con-
trol of fractional linear systems. Automatica 49, 22762280
(2013)

Shi, B., Yuan, J., Dong, C.: On fractional model reference
adaptive control. Sci. World J. (2014). doi:10.1155/2014/
521625

Charef, A., Assabaa, M., Ladaci, S., Loiseau, J.-J.: Frac-
tional order adaptive controller for stabilized systems via
high-gain feedback. IET Control Theory Appl. 7, 822-828
(2013)

20.

21.

22.

23.

24.

25.

26.

217.

28.

29.

30.

31.

32.

33.

Li, Y., Chen, Y.Q.: A fractional order universal high gain
adaptive stabilizer. Int. J. Bifurc. Chaos 22 (2012). doi:10.
1142/S0218127412500812

Lakshmikantham, V., Leela, S., Sambandham, M.: Lya-
punov theory for fractional differential equations. Commun.
Appl. Anal. 12, 365-76 (2008)

Li, Y., Chen, Y.Q., Podlubny, I.: Mittag-Leffler stability of
fractional order nonlinear dynamic systems. Automatica 45,
1965-1969 (2009)

Li, Y., Chen, Y.Q., Podlubny, L.: Stability of fractional-order
nonlinear dynamic systems: Lyapunov direct method and
generalized Mittag-Leffler stability. Comput. Math. Appl.
59, 1810-1821 (2010)

Yu, J., Hu, H., Zhou, S., Lin, X.: Generalized Mittag-Leffler
stability of multi-variables fractional order nonlinear sys-
tems. Automatica 49, 1798-1803 (2013)

Zhou, X.-F., Hu, L.-G., Liu, S., Jiang, W.: Stability criterion
for a class of nonlinear fractional differential systems. Appl.
Math. Lett. 28, 25-29 (2014)

Aguila-Camacho, N., Duarte-Mermoud, M.A., Gallegos,
J.A.: Lyapunov functions for fractional order systems. Com-
mun. Nonlinear Sci. Numer. Simul. (2014). doi:10.1016/;j.
cnsns.2014.01.022

Wen, X.J., Wu, Z.M., Lu, J.-G.: Stability analysis of a class
of nonlinear fractional-order systems. IEEE Trans. Circuits
Syst. I Express Briefs 55, 1178-1182 (2008)

Lan, Y.-H., Gu, H.-B., Chen, C.-X., Zhou, Y., Luo,
Y.P.: An indirect Lyapunov approach to the observer-
based robust control for fractional-order complex dynamic
networks. Neurocomputing (2014). doi:10.1016/j.neucom.
2014.01.009i

Aghababa, M.P.: Robust stabilization and synchronization
of a class of fractional-order chaotic systems via a novel
fractional sliding mode controller. Commun. Nonlinear Sci.
Numer. Simul. 17, 2670-2681 (2012)

Kirstic, M., Kanellakopoulos, I., Kokotovic, P.V.: Nonlinear
and Adaptive Control Design. Wiley, New York (1995)
Ding, D., Qi, D., Meng, Y., Xu, L.: Adaptive Mittag-Leffler
stabilization of commensurate fractional-order nonlinear
systems. In: Proceedings of 53rd IEEE CDC (2014)

Ding, D., Qi, D., Wang, Q.: Nonlinear Mittag-Leffler sta-
bilization of commensurate fractional-order nonlinear sys-
tems. IET Control Theory Appl. (2014). doi: 10.1049/iet-cta.
2014.0642

Li, C., Zeng, E.: The finite difference methods for fractional
ordinary differential equations. Num. Funct. Anal. Opt. 34,
149-179 (2013)

@ Springer


http://dx.doi.org/10.1155/2014/521625
http://dx.doi.org/10.1155/2014/521625
http://dx.doi.org/10.1142/S0218127412500812
http://dx.doi.org/10.1142/S0218127412500812
http://dx.doi.org/10.1016/j.cnsns.2014.01.022
http://dx.doi.org/10.1016/j.cnsns.2014.01.022
http://dx.doi.org/10.1016/j.neucom.2014.01.009i
http://dx.doi.org/10.1016/j.neucom.2014.01.009i
http://dx.doi.org/10.1049/iet-cta.2014.0642
http://dx.doi.org/10.1049/iet-cta.2014.0642

	Asymptotic pseudo-state stabilization of commensurate fractional-order nonlinear systems with additive disturbance
	Abstract
	1 Introduction
	2 Preliminaries
	3 Main result
	4 Numerical examples
	5 Conclusions
	Acknowledgments
	References




